We present a flavor and energy inference analysis for each high-energy neutrino event observed by the IceCube observatory during six years of data taking. Our goal is to obtain, for the first time, an estimate of the posterior probability distribution for the most relevant properties, such as the neutrino energy and flavor, of the neutrino-nucleon interactions producing shower and track events in the IceCube detector. For each event the main observables in the IceCube detector are the deposited energy and the event topology (showers or tracks) produced by the Cherenkov light by the transit through a medium of charged particles created in neutrino interactions. It is crucial to reconstruct from these observables the properties of the neutrino which generated such event.
INTRODUCTION
The dawn of the multi-messenger astronomy has been one of the most great achievements in the scientific community in the last decade. Combining neutrino observations with measurements of cosmic rays, electromagnetic radiation and gravitational wave will be crucial to solve long-standing problems in astrophysics [1] and may move forward our current horizons in fundamental physics [2] . Nonetheless, the observation of astrophysical neutrinos provides on its own a more deep understanding of neutrino physics. Neutrino oscillation phenomena, such as sterile neutrinos [3] , and non-standard interactions [4] , are just some topics whose understanding relies in the observation of astrophysical neutrinos.
The largest neutrino telescope to date is the IceCube Neutrino Observatory at the geographic South Pole, whose first sensors were deployed at the South Pole during the austral summer of 2004-2005 and have been producing data since February 2005 [5] . After six years of data taking [6] , from early 2010 to early 2016 for a total of 2078 days, 50 neutrino events with deposited energies above 60 TeV have provided the evidence for the existence of an extraterrestrial neutrino flux. Only three events with deposited energy above 1 PeV have been observed, with the 2 PeV event being the most energetic one. The discovery of this flux has motivated a vigorous program of studies to unravel their origin [7] and their properties [8] [9] [10] .
IceCube detects neutrinos by observing Cherenkov light produced by charged particles created in neutrino interactions as they transit the ice within the detector. At this range of energies, the way neutrinos interact is deep-inelastic scattering with nuclei in the detector material. There are two possible interactions: charged-current (CC) or neutral-current (NC) interactions. In both a cascades of hadrons is created at the neutrino interaction vertex and for CC interaction this shower is accompanied by an outgoing charged lepton which may itself trigger another overlaid cascades. IceCube events have two basic topologies: tracks and showers. Considering the energy involved for this analysis we assume tracks are made only by ν µ CC interactions and by ν τ CC interactions in which the tau lepton decays in ν τ µν µ . Showers instead are those events without visible muon tracks and are formed by particle showers near the neutrino vertex. While the particle content of showers created by finalstate hadrons, electrons, and taus is different, the IceCube detector is currently insensitive to the difference. This means that a shower is produced in ν e CC interaction, ν τ CC interactions (where the produced τ does not decay in the muonic channel), and in all-flavor NC interactions.
In previou works IceCube data have been analyzed and discussed in detail (see Ref. [7, 8, 11] and references therein) using a maximum-likelihood approach over the whole collection of events. Although useful informations about the energy behavior and the flavor composition has already been explored, it has never been performed an inference analysis of the properties of each single neutrino event. This work differs from previous analyses also for the statistical approach used: having to deal, one by one, with just one single event the frequentist approach is unsuitable and may be misleading. For this reason we prefer the Bayesian approach which we discuss in Sec. VI.
The structure of the paper is as follows. We start in Sec. II by describing our assumptions on energy and flavor flux. Sec. III provides a description of the deepinelastic scattering, the energy-dependent cross section of neutrino-nucleon interactions and the neutrino energy loss. Branching fractions of tau-decay channel, along with the energy distribution of the decay products, are presented in Sec. IV. A summary of all parameters used in this analysis and a brief description of the Bayesian method can be found in Sec. VI. Finally in Sec. VII we highlight our results and discuss their implications.
II. ASSUMPTIONS ON NEUTRINO FLUXES
Working with neutrinos implies the knowledge of its energy and flavor, which are not direct observables. We can only infer this quantities by the deposited energy in the detector and by the event topology. This is possible only if we know a priori the expected fluxes of incomingneutrino energy and flavor.
We assume an equal spectrum and flux for neutrinos and anti-neutrinos at the Earth. When fitting the current available data, the assumption that neutrino and anti-neutrino flavor fractions are the same at the Earth seems reasonable [12] . All parameters and their properties, if not otherwise specified, are obtained for the sum of neutrino plus anti-neutrino contributions. For the sake of brevity, here and in the rest of this article, we imply also anti-neutrinos when we speak of neutrinos and we will refer to both neutrinos and anti-neutrinos as ν.
The flavor ratio at the Earth (f e : f µ : f τ ) ⊕ is one of the most studied properties of astrophysical neutrinos. This is due mainly to the fact that the flavor ratio of astrophysical neutrinos is both a probe of the source of high energy cosmic rays and a test of fundamental particle physics. A deviation from the expected flavor ratio at the Earth would be a signal of new physics in the neutrino sector. Consistently with the (1 : 1 : 1) ⊕ flavor ratio at Earth commonly expected [13] and with the results reported by the IceCube collaboration in Ref. [14] , a uniformly-distributed prior probability for the neutrino flavor will be used in this analysis. Thus
where is the leptonic flavor and f ( ) its probability distribution. Astrophysical neutrinos from cosmic accelerators are generically expected to have a hard energy spectrum. Waxman and Bahcall [15] predicted a cosmic neutrino flux proportional to E −2 ν , as originally predicted by Fermi. But the spectral index may depends on the source properties and the acceleration mechanism, as pointed out in some recent works (see Ref. [16] for instance). It is also possible that the neutrino fluxes may be described by more than one component [11, 17] . In this analysis we assume a single astrophysical component parametrized in terms of an unbroken power-law per neutrino flavor described by two parameters, the normalization Φ astro at 100 TeV neutrino energy and the spectral index γ:
Since in this analysis we are mainly interested in inferring the energy E ν for each single neutrino, the only parameter that matters for us is the spectral index γ. The most recent estimate for the spectral index for high-energy astrophysical neutrino observed by IceCube is given in Ref. [9] , in which they found that the 6-years data are well described by an isotropic, unbroken power law flux with a hard spectral index of γ = 2.13 ± 0.13. Thus our prior distribution for the spectral index will be a normal distribution with mean value 2.13 and standard deviation 0.13:
According to the cut considered by the IceCube collaboration we consider only neutrino events with deposited energy in the range 60 TeV -3 PeV, which is a cut often used when performing statistical analyses of the astrophysical flux. The minimum deposited energy of 60 TeV is intended to eliminate most of the expected atmospheric muon background events (in our work we neglect the contribution to the neutrino fluxes of atmospheric neutrino), while the limit of 3 PeV deposited energy would discard the Glashow resonance at E ν 6.3 PeV [18] , which should give rise to yet-unobserved events in the few PeV region. From all these considerations we use
with E ν ∈ [ 60 TeV, 3 PeV], as our prior probability distribution for the neutrino energy E ν .
III. NEUTRINO-NUCLEON DEEP-INELASTIC SCATTERING
Our current knowledge of the proton's parton distributions allows us to calculate the neutrino-nucleon cross sections with confidence up to neutrino energies of about 10 PeV [19] . At neutrino energies E ν above some 10 GeV, as relevant for this analysis, neutrino-nucleon reactions are dominated by deep-inelastic scattering. The processes that go into our evaluation are the CC channel, where the ν scatters off a quark in the nucleon N via exchange of a virtual W-boson, ν N → X + and the NC channel, via exchange of a virtual Z-boson, ν N → X + ν , where = {e, µ, τ } , and X represents hadrons. In Fig.  1 both interactions are schematically represented. The neutrino-nucleon CC and NC cross-sections have been measured by several experiments. A complete review can be found in Ref. [20] , from which we report in Table I and II the values of cross-sections respectively for CC and NC interaction for given energy values in the range 60 TeV-3 PeV. For the purpose of this analysis, we need to know the probability that a neutrino interacts with a nucleon via CC or NC channel. In order to estimate this probability we use the values given in Table I and II from which we get the fraction of NC events
These values are then fitted, as shown in Fig. 2 , in order to obtain the following parametrization in terms of = Log 10 (E ν /TeV)
with A 1 = 0.2595, A 2 = 0.0313 and A 3 = 0.2484. From Fig. 2 one can see that the probability that a neutrino interacts with a nucleon via NC is ∼ 30% and in the range of energies we are interested in depends slightly on the neutrino energy E ν . Eq. 6 will be then used as the prior probability for NC interactions. An important parameter that plays a crucial role in this analysis is the inelasticity parameter y: as schematically shown in Fig. 1 , in both CC and NC interactions a fraction (1 − y) of the neutrino energy E ν goes to the Table  I and II using Eq. 5, while the curve is obtained from Eq. 6.
final-state lepton; the remaining fraction y goes to the final-state hadrons.
The differential cross section for CC interactions in terms of y and of the Bjorken scaling variables x (the fraction of the nucleon momentum carried by the struck quark) is given by (in natural units = c = 1)
(7) Likewise, the NC differential cross section is given by
(8) In these equations q,q, q 0 andq 0 are quark and antiquark distribution functions [20, 21] , M N , M W and M Z are respectively the nucleon, W and Z mass, G F is the Fermi coupling constant and Q 2 ≈ 2xyE ν M N is the negative four-momentum transfer squared.
In order to simulate in our code the y-distribution given by Eq. 7 and 8, we used the algorithm described in Ref. [21] . 
IV. τ -DECAY CHANNELS
When a ν τ and a nucleon interacts via CC interaction a τ of energy E τ = (1 − y)E ν is produced. The τ is the heaviest of the leptons with a mass m τ of 1.78 GeV and therefore it has a very short lifetime of about 3 · 10 −13 s. It can decay in the lepton channel or in the hadronic channel, as shown schematically in Fig. 4 . The leptonic decays have a total branching fraction of ∼ 35% and the hadronic decays have a total branching fraction of ∼ 65%, which is consistent with the expected branching fraction when the color charges of the quarks are included. The branching fraction into each decay channel is approximately [22] 0.18 for τ → ν τ eν e , 0.18 for τ → ν τ µν µ , 0.12 for τ → ν τ π, 0.26 for τ → ν τ ρ, 0.13 for τ → ν τ a 1 , 0.13 for τ → ν τ X (X = π, ρ, a 1 ). (9) Due to its very short lifetime the track produced inside the detector by the τ has generally a length of 50 m · (E τ /PeV) [23] . At energies below PeV, the double cascade signature is difficult to distinguish from a single cascade, due to the sparse spacing of digital optical modules. Thus a track produced by a τ below a few PeV is unresolvable by IceCube. At higher energy ( 1 PeV) a signature of ν τ CC interactions would be two cascades joined by a short track, referred as a "double bang", which has not yet been observed. Considering the energies of our interest, in this analysis we assume that ν τ CC interactions followed by τ → ν τ µν µ are undistinguishable from a track event produced in ν µ CC interactions, while all the other τ -decay channels produce a shower event.
The ν τ spectra for τ -leptonic decay has the following form in term of z = E ντ /E τ [24] dσ dz
while the ν ( = {e, µ}) spectra in term of z = E ν /E τ reads
where P τ is the polarization of the τ .
In the case of hadronic decays τ → ν τ X the distribution depends on the kind of hadrons produced. An approximation of the distribution for each hadronic channel i, in terms of z = E ντ /E τ and r i = m 2 i /m 2 τ , can be found in Ref. [22] :
For energies of our interest we have m τ /E τ 1, thus it is safe to assume [25, 26] the τ being almost fully polarized, i.e., P τ = 1.
The distributions in Eq. 10, 11 and 12 , along with their respective branching fraction in Eq. 9, will be then used as prior distributions in those CC interactions involving a ν τ and its subsequent decay.
V. DEPOSITED ENERGY
All charged particles produced in the nucleon-neutrino interaction propagate through ice emitting Cherenkov radiation. This Cherenkov radiation is ultimately measured by the IceCube detectors producing a deposited energy E dep. , which is proportional to the total energy E ν of the neutrino. Each channel has different efficiencies when it comes to producing a measured energy deposition in the IceCube detector. First of all one has to distinguish electromagnetic cascades from hadronic cascades, which are both recognize in the detector as showers. For electromagnetic cascades one can safely assume the deposited energy being equal to the energy of the electron produced in the nucleon-neutrino interaction. On the other hand, the deposited energy in hadronic cascade is less reliable due to the presence of more neutral particles like neutrons, to large losses due to the binding energies in hadronic processes and to a higher Cherenkov threshold for hadrons [27] .
Following Ref. [8] , being E X the energy of the cascadeinitiating particle, we define the deposited energy in hadronic cascade as
where f = 0.533, E 0 = 0.399 GeV and m = 0.130, resulting from a fit to simulations of hadronic cascades [27] . For track events, being the lifetime of a muon much larger than the time it takes to cross the detector, a fraction of the initial muon energy E µ is lost. The average deposited energy along a track E t by a muon can be obtained using the parametrization given in Ref. [8] 
where a = 0.206 GeV /m, b = 3.21 · 10 −4 m −1 and F µ = 0.119. If the track is produced in a tau decay of energy E τ , one has to take into account also that a significant fraction of tau leptons would escape the detector volume before decaying, so that F µ has to be multiplied by a factor given by
where p 1 = 0.984, q 1 = 1.01 and q 2 = 1.03 [8] .
Finally, for all the nucleon-neutrino interaction we have considered, the total deposited energy E dep. is given by
where E X = yE ν , E = (1 − y)E ν with = {e, µ, τ }, while y has been discussed in Sec. III. The parameters z and z have been discussed in Sec. IV, which are respectively E ντ /E τ and E νe,µ /E τ . For both topologies the energy deposited within the detector can be reconstructed within ∼ 15% above 10 TeV [10] . Thus one has to make distinction between the true deposited energy E dep. and the observed-deposited energy E obs.
dep. . For this analysis we simply assume that E obs.
dep. follows a normal distribution with mean value given by E dep. and standard deviation σ E dep. :
For each neutrino event the value of σ E dep. is taken from the uncertainty in the deposited energy provided by IceCube [6, 28] .
VI. ANALYSIS
In Table III we summarize all parameters and the sequence of events that, given a neutrino with energy E ν , cause an observed-deposited energy E obs.
dep. in the detector. In a certain sense, we need to go backwards through the whole chain of events in order to infer the neutrino energy E ν from the observed-deposited energy E obs.
dep. and its topology (which sometimes in the rest of this paper we abbreviate as "top."). In this section we briefly describe how this goal can be achieved using Bayesian inference.
As usually done in literature, let D denote the observed data, in our case the deposited energy E dep. and TABLE III. Table of all parameters used in this analysis along with their associated prior probability distribution. The right two columns show the sections and the references where these parameters are discussed in detail. The values of a and b in the z-parameter row can be obtained from Eq. 12 with Pτ = 1.
Parameters
Prior probability distribution Sec. Ref.
Flux parameters r (anti-neutrino/neutrino ratio) δ(r − 1) II [12] (neutrino flavor)
Deep-inelastic scattering parameters [19, 21] y (inelasticity parameter) dσ k (Eν )/dy (see Eq. 7 and 8) III [19, 21] τ -decay parameters the event topology (track or shower), and θ denote the model parameters, which are summarized in the first column of Table III . Formal inference then requires setting up a joint probability distribution f (D, θ) (here and in the rest of this paper we will refer simply as f to all distributions). This joint distribution comprises two parts: a prior distribution f (θ) (see the second column of Table  III ) and a likelihood f (D|θ). Defining f (θ) and f (D|θ) gives the full probability distribution
Having observed D, one can then obtain the distribution of θ conditional on D by applying the Bayes theorem
This is called the posterior distribution of θ and is the object of our Bayesian-inference analysis. From the posterior distribution of θ one can then obtain the expected value of a given parameter by integrating over the remaining parameters or study the dependence between parameters x and y by applying the product rule
From Eq. 19, one recovers the maximum likelihood approach as a special case that holds under particular conditions, such as many data points and vague priors, which clearly are not satisfied in this analysis.
In theory, Bayesian methods are straightforward: the posterior distribution contains everything you need to carry out inference. In practice, the posterior distribution can be difficult to estimate precisely. A useful tool to derive the posterior distribution of Eq. 19 is the Markov Chain Monte Carlo (MCMC) technique. In a MCMC instead of having each point being generated one independently from another (like in a Monte Carlo), the sequence of generated points takes a kind of random walk in parameter space. Moreover, the probability of jumping from one point to an other depends only on the last point and not on the entire previous history (this is the peculiar property of a Markov chain). In particular, for this work we performed the MCMC using the Gibbs sampling algorithm [29] , in order to explore the entire parameter space of the posterior distribution. This allows us to derive the unknown and potentially complex distribution f (θ|D) and estimate all neutrino properties we are interested in. The results of this inference analysis are presented and discussed in Sec. VII.
VII. RESULTS AND CONCLUSION
In Table IV we show for each of the 37 shower events above 60 TeV, denoted by its ID number and observeddeposited energy E obs.
dep. , the mean values (mean) and the standard deviations (s.d.) of the posterior distribution of neutrino energy E ν . The mean and s.d. values are given assuming different flavors (e, µ or τ ) and type of interaction k (CC or NC), where for the meaning of parameters and k we remind the reader to see Table III . In the last columns, one can also find for each neutrino the probability f ( |E obs.
dep. , top.) of being of electronic, muonic and tauonic flavor and the probability f (k|E obs.
dep. , top.) of having scattered with nucleon via CC or NC interaction. We show the same results for the 13 track events above 60 TeV in Table ? ?. But in this case the probabilities for neutrinos of being electronic or having scattered with nucleon via CC or NC interaction are absent: as we learned in the previous sections, tracks can only be produced in CC interactions by muonic or tauonic neutrinos.
For shower events the neutrino energy E ν is, as expected, approximately equal to the observed-deposited energy E obs.
dep. only in ν e CC interactions, where the uncertainty (given by the s.d.) for E ν is also approximately equal to the uncertainty σ E dep. in the observed-deposited energy. For ν τ CC interactions and all-flavors NC interactions instead the situation is different: due mainly to neutrinos energy loss in neutrino-nucleon deep-inelastic scattering and to the τ -decay products escaping the detector, the neutrino energy results being higher than the observed-deposited energy with a more dispersed distribution. This behaviour is manifest in Fig. 5 , where the posterior distribution
dep. , top.) (20) are shown for two shower events: with observeddeposited energy E obs.
dep. = (88.4 ± 12.5) TeV and E obs.
dep. = (2003.7 ± 261.5) TeV (the most energetic event). In the bottom part of these plots is also shown the neutrinoenergetic distribution f (E ν |E obs.
dep. , top.) making no assumption on and k, i.e. marginalizing over these parameters
dep. , top.).
As one can see from Fig. 5 , for showers, having to guess about the neutrino energy, the observed-deposited energy in the detector is the best choice, being this value approximately equal to the mode of the distribution f (E ν |E obs.
dep. , top.). Instead the mean value feels the effect of the pronounced tail at higher energy produced by NC and ν τ CC interactions. Thus the mean value of E ν results being higher than the observed-deposited energy: in Fig. 7 we show, for different kinds of interaction, the neutrino-energy mean value as a function of the observed-deposited energy and the relative standard deviation (RSD), which is a measure of dispersion of a probability distribution (defined as the ratio of the standard deviation to the mean value), as a function of the observed-deposited energy.
We show the same plots for track events: in Fig. 6 one can find the posterior distributions for two track events, while in Fig. 8 we show the neutrino-energy mean value and RSD as a function of the observed-deposited energy.
The main difference between the energetic distribution for showers f (E ν |E obs.
dep. , shower) and tracks f (E ν |E obs.
dep. , track) is that for the latter the distribution mode is higher than the observed-deposited energy while the distribution tail is more pronounced at higher energy. This is mainly due to the fact that tracks are produced by muons, whose energy loss in the detector is only a fraction of the neutrino energy E ν .
An important feature that emerges from this analysis, in particular from the right plots of Fig. 7 and 8 , is that, as we approach higher observed-deposited energy, the neutrino-energy distributions become less dispersed, a fact which is illustrated by the decreasing values taken by the RSD at higher energy. This behaviour can be understood taking into account the very steeply falling of the neutrino spectrum: at higher energy the right tail of the neutrino-energy distribution becomes less pronounced, because higher energies become less frequent, and this results in a less relative dispersion in the density distribution. The very steeply falling of neutrino spectrum (with a spectral index of ∼ 2.13) plays also a crucial role when estimating the posterior flavor probabilities f ( |E obs.
dep. , shower). For instance, considering that a ν µ produces a shower only in NC interactions, one should expect a priori that the probability for a shower event of being generated by a muonic neutrino is ∼ 10%, being ∼ 30 % the probability for a neutrino of scattering via NC interaction (see Fig. 2 ) and 1/3 the probability of being muonic. Instead our Bayesian inference gives us a value of ∼ 4 %. As mentioned above, this value, which is smaller than the expected one, can be explained only considering the neutrino spectrum and the existence of other mechanisms with better efficiency in producing a deposited energy (such as the ν e CC interaction): higher energies are less frequent, thus the more particles can escape the detector after a neutrino-nucleon interaction, the less chance there is of this interaction having occurred dep. , track) of the neutrino energy for two track events. In the top panel the distributions assuming νµ CC interaction (solid line) and ντ CC interaction (dashed line) are shown. In the bottom panel the distribution f (Eν |E obs.
dep. , track), obtained marginalizing over and k, is shown.
in the detector. From this considerations it is not surprising that a neutrino producing a shower event has the best chance of being electronic: from Table IV we have about ∼ 62 % of chance that its flavor is electronic, ∼ 4 % muonic and ∼ 34 % tauonic. For track events the situation is simpler: we need to consider only ν µ and ν τ (followed by τ → ν τ µν µ ) CC interactions. Both interactions have similar efficiency in producing a deposited energy (as illustrated by the top panels of Fig. 6 ), thus for track events when estimating the chance of being muonic or tauonic the most important thing to consider is the branching fraction for the muonic τ -decay channel (see Eq. 9). Our Bayesian inference for track events (see Table V) ends up giving to neutrinos a ∼ 87 % chance of being muonic and ∼ 13 % tauonic.
Performing an inference analysis of neutrino fluxes over the whole data sample goes beyond the scope of this work, as we are interested only in inferring properties of each single neutrino event. But it is worth noticing that, combining our flavor probabilities with the observed track-to-shower ratio, we obtain that the expected flavor ratio (1 : 1 : 1) ⊕ is currently disfavored. The current track-to-shower ratio for events above 60 TeV is 13/50, thus the flavor flux is approximately given by ∼ 1 50 (37 · 62 % : 37 · 4 % + 13 · 87 % : 37 · 34 % + 13 · 13 %) ⊕ ∝ (1 : 0.54 : 0.63) ⊕ .
This finding is in agreement with previous results obtained independently in other analyses [14, 30, 31] . Thus the current observed track-to-shower ratio implies that the electronic flavor is almost two times more frequent than the muonic or tauonic flavor. Although it is not statistically significant at present and a complete discussion of its implications goes beyond the scope of this paper, this result may be explained either by a misidentification of tracks as showers (according to IceCube the fraction of track misidentification is about ∼ 30 % [14] , while the reverse, i.e., a shower being misclassified as a track, is very rare [32] ) or, even more compellingly, by some new physics that goes beyond the standard model. Therefore, a further investigation in this direction will be crucial when more data will be collected. In this work we performed, for the first time, a detailed Bayesian inference analysis for each of the 50 high-energy neutrino events above 60 TeV detected by IceCube in 6 years of data taking. We have shown how from the observed-deposited energy and the topology event one can obtain an estimate of the neutrino energy and flavor. We have also explained how this analysis depends on the assumptions made for neutrino fluxes and for the physics involved in all processes producing shower and track events in the detector. From these assumptions we selected those prior probability distributions which seem, at present, the most reasonable ones. Further investigations in high-energy neutrino physics may change the current situation, improving our knowledge of the prior probability distribution for the parameters involved in this inference analysis.
Neutrino astronomy has just started with IceCube providing the first evidence of astrophysical high-energy neutrinos. Inference analyses, as the one here exposed, for the properties of each high-energy neutrino have become impelling in searches for new physics and in order to shed some light on many of the questions raised by the observation of these events.
TABLE IV. Here we show the relevant properties of the 37 shower events with observed-deposited energy above 60 TeV. The first three columns are respectively the ID number, the observed-deposited energy and its uncertainty for each shower event.
From the fourth to the seventh columns we have the mean value (mean) and the standard deviation (s.d.) of the posterior distributions of Eν assuming different neutrino flavor and kind of interaction. In the last columns the probabilities for each shower event of being generated by a electronic, muonic and tauonic neutrino and of having scattered with nucleon via CC or NC interaction are shown. 
